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PsJ , Abstract 

Vh 

C^ ' We introduce a BMW type algebra for every Coxeter group, These new algebras are 

introduced as deformations of the Brauer type algebras introduced by the author, they 

_^ , have the corresponding Hecke algebras as quotients. 

H ■ 1 introduction 

1^ , The Birman-Murakami-Wenzl algebras Bn(T, I) (BMW algebras)introduced by Birman,Wenzl 

J3 ■ in |BW] are natural deformations of Brauer 's centralizer algebras Bn(T). These two kinds 

of algebras were studied extensively during last two decades. For an explanation of their 
backgrounds and their relation to three dimensional Topology, consult |BWj [Muj . 

T 1 I 

>■ , In 2001, Haring-Oldenberg [Ha] introduced the Cyclotomic BMW algebras and Cy- 

iJ ! clotomic Brauer algebras associated with G (ra, 1 , n) type pseudo reflection groups. The 

'/^ ! Cyclotomic BMW algebras were studied intensively in recent years. In [RX ] Rui and Xu 

classified irreducible representations of these algebras. In [2] Goodman proved they sup- 



Q ! port cellular structures. In [Yuj Yu studied freeness of them for certain parameter ring, 

^ ! and also proved cellularity of these algebras. In [GH] Goodman and Hauschild introduced 

AfRne BMW algebras from topological considerations and give them a presentation. In 

1^. , 2005, Cohen, Gijsbers and Wales [CGWlj introduced a BMW type algebra and a Brauer 

'j_j i type algebra for every simply laced Coxeter group. Then they calculated dimension, and 

- - -' established the semisimpUcity and cellularity of these algebras (of finite type) in [Jj, [CW2j . 

In this paper we present a BMW type algebra for every Coxeter group, as the deformations 

of the generahzed Brauer type algebras constructed in our last paper |CHj . When W is of 

simply laced type, our algebras are isomorphic to the algebras from [CGWlj (Proposition 

5.2). 

Since the present paper is very closely related to the simply laced BMW algebras, we 
write down the presentation of them according to [CGWlj . Let F be a simply laced Dynkin 
diagram. Here 'simply laced' means containing no multiple bonds. For two nodes I, j of F, 
if I and j are connected by a bond, we write 1 ~ j, otherwise we write i oo j. 

Definition 1.1 ( [CGWl ]). Let V be a rank n simply laced Dynkin diagram. The type 
F Brauer algebra By[r) over Q(t) and the type F BMW algebra Bp over Q(l, x) are 



defined in the following table. 



TABLE 1. Presentation for BrM and Br(T,l]. 





BrW 


Br(T,l) 


Generators 


Si(lGl); ei(lG I) 


Xi(lGl) ;Et(iGl) 


Relations 


SiSjSi = SjSiSj, if i~ j ; 


XiXjXt = XjXiXj,ifi~j; 




SiSjei = ejSiSj if l~j; 


X,XjEt = EjXtXjifl~j; 




SiSj = SjSi ,if l"^ j; 


XiXj=XjXt,lf l^j ; 




s? = 1 , for all 1; 


UX^ + yXi - 1 ) = YEi, for all 1; 




s^ei = Ci, for all i; 


XiEi = l-iEi,for all I; 




eiSjet = ei,lf i~j; 


E,XjE, = lEt,lfl~j; 




siej = ejSi,if i'^^j; 


X,Ej=EjX,,lfl^j; 




e? = Tet, for all I. 


E? = TEi . 



Where y 



i-r 



i-T • 



When the Coxeter group is of An_i type, that is, being the n-th 



symmetric group, the corresponding simply laced BMW algebra and Brauer algebra are just 
Bn(T, I) and Bn(T) respectively. In [CHj the author introduced a Brauer type algebra(see 
Definition 2.1, Definition 2.2 of the present paper) for every Coxeter group and every pseudo 
reflection group as candidates for generahzed Brauer type algebras. In that construction, 
certain KZ connections and generahzed Lawrence-Krammer representations for finite type 
Coxeter groups introduced by Marin ( including a shghtly further generalization by the 
author) play important roles. When W is a finite pseudo reflection group, the algebra 
Brw(rr) supports a fiat, W— invariant connection Ovv(Definition 2.3) ,which can be used 
to deform every finite dimensional representation of Brw(n) to a one parameter class of 
representations of the associated braid group Bw- In this paper we try to introduce BMW 
algebras for every Coxeter group, as deformations of the Brauer type algebras of [CTT]. The 
starting point of our construction is the following observation. 

Let r be A2, the Dynkin diagram with two vertex vo,vi and a simple lace connecting 
them. So the BMW algebra Ba2 ("t, I) = B3(t, I) is generated by {Xq, Xi , Eq, Ei} with relations 
as in above table. Denote the free monoid generated by {Xo,Xi,Eo,Ei} as A. 

Then for i = 0, 1 , there is a function O^ on A such that the following relation holds in 
BaJt,1) : 

EixEi = (DHx)Et (1) 

These relations are clear from the diagram presentation of the BMW algebras. It is an 
interesting fact that we can obtain above O^ from the LK representation of the braid group 
B3. Let ao, ai be the generators of B3 in its canonical presentation . The LK representation 
is a 3 dimensional representation with 2 parameters {t, 1} plk : B3 -^ GL(V). We can show 
(Lemma 3.1) that for I = 0, 1, the operator ei = ^(p(o-0^ + vp(aO — 1) is a projector to 
some line Cui in V, where y = '•jl^ . The LK representation can be looked as a repre- 
sentation of Ba^It, I) by sending X^, Ei to Pi(ai),ei respectively for I = 0,1. We denote 
this representation by the same symbol Plk- For any word W = A1A2 • • • A^ in A,where 



At E {Xo,Xi,Eo,Ei} we set Plk(W) = Plk(Ai) • • • pLK(Ak) e gUV). Then there are functions 
O"^ (i = 0, 1) on A such that eipLK(W)ei = 0^(W)ei, since e^ is a projector. Comparing 
above two identities, we have O^ = 0\ 

Denote the Dihedral group of type I2(tu) as Dtt^, whose Dynkin diagram consists of two 
vertexes vo,vi and an edge with weight m connecting them. Denote the associated Artin 
group as Ad^. The group Aq^ has a canonical presentation with two generators ctq, (r-\ . 

The group Dra has a natural representation on C^ as a reflection group of order 2ra. It 
has m. reflection hyperplanes Hq, Hi , • • • , Hta-i . Denote the reflection by H^ as Si, and chose 
a hnear function ft on C^ such that Ht = kerfi. Set cui = dft/fi, which is a holomorphic 
1-form on M. Denote the complementary space C^ \ U|^q^ H^ as M-n^. The Artin group 
Ad,^ also has a generahze Lawrence-Krammer representation as special cases of the one 
constructed by Marin |Ma2] as follows. Set Vm. = C < vo,vi, • • • ,Vra > be a vector space 
with a basis in one to one correspondence with the set of reflection hyperplanes of Dm- 
The action of Dra on the second set naturally induces a representation of Dra on Vm which 
will be denoted as l. Then on the trivial bundle Mra x V^a, we have Marin's connection: 
Olk = ^{!lo^'*-(^'-(^i^) ~Pi)'^i) where pi, G End(VTTi,) is suitable projector to the line Cvi. It 
is proved [Ma2] that Olk is fiat and Dra— invariant. So it induces a flat connection on the 
flat bundle M xq^^ V, whose monodromy gives the generahzed LK representation of Aq^, 
which will be denoted as Tlk : Aq^ — > Aut(Vra). 

First we suppose the cases when m is odd, we have 

Lemma 3.1 Set q = exp(Kk7T\/^) and I = exp[K(xn^/^) / q . For generic k, 

(1) (Tlk(o-0 - l-M(TLK(cTt) - q)(TLK(o-r) + q-^ ) = /or I = 0, 1 . 

(2) et = -^Trri^tTLKlo-i) - q)(TLK(o-i) + q^M ^-s a projector, i.e, Rankei = 1 /or I = 0, 1. 

Still let A be the monoid freely generated by Xq, Xi , Eq, Ei . Define a morphism f : A — > 
End(Vra) by setting: f(Xi) = TlkIctO, f(EO = e^ (I = 0, 1). Considering (2) of above Lemma 
3.1 , we define a function Oi:^^ |^ : A ^ C by: eif(X)ei = Oi^y^[X)ei. Then we define the 
BMW algebra BD,^(n, k) associated with Dra as the following Definition 3.4. 

Suppose k G C \ {0}, ex G C, denote TT = {k, a}. Set q = exp(K\/^7tk) and I = 
exp ( K aTT a/^) / q . 

Definition 3.4 The algebra Bd^IH, k) is generated by Xo,Xi,Eo,Ei with following rela- 
tions. 

1) XtXr = 1, 1 = 0,1; 

2) [XqXi • • -Ira = [XiXo • • -Iru/ 

3) (q-i - q)Er = l(Xi - q) (X, + q-^ ) /or 1 = 0, 1 ; 
4] XiEi = ErXi = 1-1 Et /or 1 = 0,1 ; 

5] EiXEi = OJ^n,K(^)ti for any X G A,i = 0, 1 . 

The relation 1) to 4) have clear analogues with the BMW algebra B3(t, I]. Relation 5) 



is similar with the equation (1) for Bs^t, I). Prom above definition we see Bo^(rT, k) is a 
quotient of the group algebra CAd^, and has the Hecke algebra of type W as its quotient. 

When m is even, we have a pair of projectors eo, e^ acting on Marin's generalized LK 
representation as in Lemma 3.2. By using them we define a function ^J^^ |^ : A ^ C, which 
is used in Definition 3.3 of the BMW algebra Bd,,JTT, k). 

In section 4 we study the algebras Bd^(TT, k), the following results support that they 
are indeed the deformation of the Brauer type algebras BrD,,jn). Our Theorem 4.1 says 
that for generic parameters TT, dimBrD„^(n) = dimBo^^lTT, k). Proposition says the repre- 
sentations of Aoni obtained from monodromy of the KZ connection Oq^^ (associated with 
finite dimensional representations of Btd^JTT) factor through BD^(n, k). 

Once the definition of BMW algebras associated with Dihedral groups are given, they 
induce a natural definition of BMW algebra Bwr(n, k) for any Coxeter group Wr, as in 
Definition 4.1. 

We hope these algebras Bwr(n, k) be deformation of the Brauer type algebras Brwr(n) 
as the dihedral cases. We can't give a proof of them in this paper. We only prove (Theorem 
5.1) that Bwr(n, k) is finite dimensional when W is a finite group, by similar arguments 
used in f CGWlj in the proof of Theorem 1.1 of that paper. Proposition 5.2 says the algebra 
Bwr(n, k] is isomorphic to the simply laced BMW algebra defined in jCGWlj when W is a 
simply laced Coxeter group. At last. Theorem 5.2 says for finite W, for generic parameters 
TT, the representations of Aw resulted from monodromy of the KZ connection Ow all factor 
through Bw(TT, k) for suitable parameters. 

Acknowledgements 1 'd like to present my thanks to Ivan Marin for his detailed expla- 
nation of some tools involved in proof of Lemma 3.5. 

2 preliminaries 

Let E be a complex hnear space. An hyperplane arrangement (or arrangement simply ) in E 
means a finite set of hyperplanes contained in E. Let A = {Hijigi be an arrangement in E, we 
denote the complementary space E — UigiHi^ as Mji. Intersection of any subset of yi is called 
an edge. If L is an edge of A, define Ai = [Hi e A\L C Ht} = {HJ and Tl = {i- G I|L C HJ. 
For every I G T, chose a hnear form fi with kernel Hi. Set cUt = d log ft, which is a 
holomorphic closed 1-form on Ma- Consider the formal connection D = K^^gjXiCUi. Here 
Xi are hnear operators to be determined. When we take Xi's as endomorphisms of some 
linear space E, then O is realized as a connection on the bundle M^i x E. We have the 
following theorem of Kohno. 

Theorem 2.1 (Kohno |Kol] ). The formal connection CI is flat if and only if: 

[Xi, ^jgj Xj] = for any codimension 2 edge L of A, and for any 1 G It- Where 
[A, B] means AB - BA. 

Let W c U(E) be a finite pseudo refiection group. Let R be the set of pseudo refiections 
contained in W and let A = {Hijigp be the set of reflection hyperplanes in E. Since the 
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action of W on E send reflection hyperplanes to reflection hyperplanes, we have a natural 
action of W on P which will denoted simply by (w, I) M' w[i) for w G W, I G P. For s, s G R, 
denote s ~ s if they lie in the same conjugacy class. For I, i G P, denote I ~ i if there 
exist w G W such that w(l) = i'. For i,j G P, denote R(l,j) = {s G R|s(Hj) = Hi}. For 
I G P, let Wi be the subgroup of W consisting of elements that flxing H^ pointwise. Let 
TTii = \Wi\. It is well known that W^ is a cychc group and we denote the element in W^ with 

exceptional eigenvalue e ""t as st. For s G R, deflne l(s) G P by requesting Hi(s) to be the 
reflection hyperplane of s. Set Mw = E — UigpH^. The action of W on Mw is free, by a 
famous theorem of Steinberg. The groups Bw = Tti (Mw/W) and Pw = tti (Mw) are called 
the complex braid group and the complex pure braid group associated with W respectively. 
For i G P, suppose tUi is the 1-form on Mw associated with Hi as above. Suppose (V, p] 
is a complex hnear representation of W. Suppose O = Higp XiCUi is a connection on the 
trivial vector bundle Mw x V, where Xi G End(V) for any i G P. In this case we can 
get a vector bundle on Mw/W as the orbit space of the free action of W on Mw x V : 
w • (p,v) = (w • p, p(w)(v)), for any w G W, p G Mw and v G V. Denote the quotient 
bundle as Mw xw V, and the quotient map from Mw x V to Mw xw V as tt. We have the 
following Lemma, for details and backgrounds about these connections see Section 4 of [?] . 

Lemma 2.1. // p(w)Xip(w)^^ = X-j^(ij for any t G P and w G W, then Q. induce a 
connection O on Mw xw V, whose pull back through by n is O. 

If a connection satisfy the condition in above Lemma, we call it as W— invariant. 

Suppose E'^ is a n dimensional Eclidean space, denote the bihnear form on E'* as <, >. 
W c O^E^^) is a finite reflection group with the set of reflections denoted as R. Suppose W 
is essential, which means the flxed subspace of W in E'^ is 0. Denote the complexification 
E'*© \/^E'* of E"^ as E. There is a natural positive deflnite Hermitian form on E extending 
the metric on E'^ defined as: 

<v + \/^w,v + y/^yv >=<v,v >+-v/^<w,v >— \/^<v,w > + <w^w >. 

Denote the distance of two points p, q G E determined by this Hermitian metric as d(p, q). 
Because R contain only order 2 elements, the map I from R to P (index set of reflection 
hyperplanes) is bijective. So we simply set P = R and denote the reflection hyperplane 
in E^ of s as Hj. Denote the complexification of Hj as H^, which is a hyperplane in E. 
It is a well-known fact (for example see |Huj ) that each path component of E^ — UsgrHs 
is a simphcial cone. Choose one from these cones, denote the closure of it as A. Denote 
the n refiection hyperplanes (of W) corresponding to n codimension one faces of A as 
Hs, , • • • , Hs^. The following Theorem is canonical (see [Hu] ). 

Theorem 2.2. The group W is generated by s^y■ ■ ■ , Sn with the following relations. 
-^j s? = 1 , 1 < i < n; 2) [siSj • • • l^^^ ^ = [sjSi • • • It^^^j , 1 < i / j < n. 

Here the expression [xij---]ttl means a word with length ra ,in which the letters x,ij 
appear alternatively, and whose left most subword is xy. Similarly we define [• • ■xy]-^- 



The symmetric matrix V = (mij)nxn is called the Coxeter matrix of W, which is equiv- 
alent to a Dynkin diagram under certain simple rules. 

Now consider the space Mw/W. Denote the quotient map from Mw to Mw/W as n. 
Choose a inner point p € A. Notice since E'^ is a subspace of its complexification E, p 
belongs to Mw- Denote 7t(p) as p. Denote the segment connecting p with Si(p) as yi, 
which intersecting Hj^ in one point pt. Chose < e << 1. Let p^ be the point on yt n A 
satisfying: d(p|,pi) = e. Set p| = Si(p^^) (also belong to Hi). Denote the vector Si(p) — p as 
cci, then the reflection Si can be presented as St(v) = v— ^^.''^'^ oi-i- denote the path from p 
to p^ as y^, and the path from p^ to St(p) as y^. Define the following path r|i from p^ to p^ 
as: r|t : [0, 1] — > E, 1 1— > p^ — (1 — exp tta/^I) ^^"'^!^ txt. Denote the composed pathy-oritoy^ 



<ai,Ki> 

as U. It is easy to see when e is small enough, the path U he in Mw, and it project to a 
closed path U in Mw/W based at p. Denote the element of 7ti(Mw/W, p) represented by 
li as CTi. 



Theorem 2.3 (Brieskorn [Bri] ). The group n-\ (Mw/W,p) is generated 6y ai, • • • ,a-n with 
the following relations. 

[o-io-j • • • ]TUi_j = [ajCTi • • • ]n^. /or 1 < I / j < n. 

The group n-\ (Mw/W,p) is the Artin group of type W, which will be denoted as Aw- 
The following results about monodromy of fiat connections will be used later. Suppose W is 
a finite Coxeter group, and Mw, A, si, Hi,p,p defined as above. Suppose p : W — > GL(V)(or 
Aut(V)) is a finite dimensional complex linear representation of W, and O = ^^^e^^s^J^s 
is a W-invariant fiat connection on a trivial vector bundle Mw x V, where Xj G End(V) 
for any s G R. Denote the fiat connection on Mw Xw V induced by CI as CI. Denote the 
monodromy representation of O as T : 7ti (Mw/W,p) -^ GL(V). Then 

Lemma 2.2 (Proposition 2.3 of (Ma2j ). For generic k, the operator T(at) is conjugated 
to p(si) exp(KA/^7TXsJ in GL(V). 

Now suppose L is an edge of the arrangement {HjlseR, which means L c E is the 
nonempty intersection of several members of {HsIseR. Set Rl = {s G R|L c Hg}, and 
Mwl = t — UsgR^Hs. It is a canonical result (see jHuj ) that the subgroup Wl gener- 
ated by Rl is the maximal subgroup of W fixing L pointwise. As a reflection group it has 
its own associated Artin group Awl and pure Artin group Pwl- It is clear that we have 
identifications: Pwl — 7Ti(Mwl) and Awl — ttiIMwl/Wl). Now choose a point q G L 
such that q ^ Hs for any s ^ Rl. We can choose e > small enough such that the ball 
Detq] = {a G E|d(a, q) < e} has empty intersection with any Hs(s ^ Rl). It is easy to see 
the natural morphism 7ri(De(q) n Mw) -^ 7ti(MwL) induced by the inclusion map is an 
isomorphism, thus the morphism 7ti(De(q) n Mw) -^ 7ti(Mw) induced by inclusion map 
gives us an injective morphism: Al : Pwl -^ Pw- Since De(q) is setwise stabihzed by Wl, 
Al can be extend to an injective morphism Al : Awl -^ ^w- 

Assume (V, p), O as above. On the trivial bundle Mw^ x V we define the following 
connection: Q = k^j.^,^^ XgCUj. it is easy to see CI is also a fiat and WL-invariant connec- 
tion, so it induce a flat connection CI on the quotient bundle Mwl Xwl ^- The connection 



O' induce a monodromy representation Tl : Awl — > GL(V). On the other hand, by the 
injection Al we have another representation ToAl of Aw^: '^Wl ^ ^w -^ GL(V). In |iMa2j 
the following theorem is presented. 

Theorem 2.4. Assume above conventions. For generic k, the representation (V, Tl) is 
isomorphic to (V, T o Al). 

Let W c U(E) be a finite pseudo reflection group. In |CH] the author introduced a 
Brauer type algebra Brw(n) associated with W, which is defined as follows. Set notations 
R,^, P, l(s),s ~ s ,i ~ i ,R(i, j) as above. Choose constants {ksJseR U {aijigp such that 
ks = kg/ if s ~ s and ai = a- ' if I ~ I . Denote {kJseR U {aiiieP by one symbol U. For I / j 
we denote Hi rti Hj if {k G P | H^ n Hj c Hi^} = {1, j}. A codimension 2 edge L of ^ will be 
called a crossing edge if there exists i, j e P such that Hi rti Hj and L = Hi n Hj , otherwise 
L will be called a noncrossing edge. 

Definition 2.1. The algebra Brw(n) associated with pseudo reflection group W c U(E) 
is generated by the set {T^JweG U{ei}igp which satisfies the following relations. 

0) Twjyv2 =Tw3 i/WlW2 =W3. 

1) Ts^ei = eiTs. = ei, fori£ P. 

1 ) TvyCi = CiTyy = Ci , for w G G such that w(Hi) = Hi, and Hi n E^ J5 a noncrossing 
edge. Where E^ = {v G E|w(v) = v}. 

2) el = aiBi . 

3) Twej = Cilyv , ifw£G satisfies w(Hj) = Hi. 

4) eiej =ejei, if Hi rti Hj . 

5) eiBj = (LseR(i,j)^sTs)ej = ei(^3gR[ij) k^Ts) , i/ Hi n Hj is a noncrossing edge, and 
R(l,j)/0. 

6) CiCj = 0, if Hi n Hj is a noncrossing edge, and R(i, j) = 0. 

It is proved in [CH] (Theorem 8.4) that when W is a finite type Coxeter group with Cox- 
eter matrix (raij)nxn, the algebra Brw(n) is isomorphic to the following algebra BrYv/^(n) 
with a canonical presentation. 

Definition 2.2. For any Coxeter matrix M = (raij)nxn, the algebra Br^ (TT) is defined 
as follows. Let U be as in Definition 2.1. Denote a.^^ in T as a^. If we don't give 
range for an index then it means "for all". The generators are Si , • • • , S^^ Ei , • • • , En. 



The relations are 

1)S? = 1; 8)EiwEj = for any word w 

2)[SiSj • • • ]^n^^. = [SjSi • • • Jnxy ; composed from {St, Sj}// mij = 2k> 2; 

3)StE, = E, = EA; 9)EjSiSi • • -lii-iE, = (ks + k^OEi 

4]eI = ociEi, /or 1 < I < k, // mij = 2k > 2. 

5)SiEj =EjSii/my =2; Where s = [SjSi- • -lii-bs' = [SjSr • •]2(k+i)-i. 

6)EtEj =EjE,z/mi,j =2; 10]E,[SjSf • -lii-iE, = k^.Et 

7) [SjSi • • • ]2k-i Ei /or 1 < I < k, z/ lUij = 2k + 1 ; 

= Ei[SjSi • • • ]2k-i = ti, Where e = i[j)if lis odd (even) . 

if lUij = 2k > 2; 11) [SiSj • • • ]2kEi = Ej [SiSj • • • ]2k// mij = 2k + 1 . 



An important feature of the algebra Brw(n) is it supports the following W-invariant, 
fiat formal connection 

Definition 2.3. The KZ connection of Brw(Er) is the following formal connection on 

Mw X Brw(n); Ow = K£^gp(£5.^,)^^ksTs - ei)wi. 

The following fact is from Proposition 5.1 of [CHj. 

Proposition 2.1. The connection Clw is fiat and W-invariant. 

This connection can deform every finite dimensional representation of Brw(n) to a 
representation of Bw,the associated braid group. We have the following example. Let 
R, P, Mw, cui be defined as above. Set Vw = C < vi >igp be a complex hnear space with 
a basis in one to one correspondence with the set of reflection hyperplanes of W. The 
permutating action of W on P induces a representation l of W on Vw in a natural way: 
i[w)[vi) = v^f^q for any w £ W and I G P. Let the data {ksJsgR U {aJigp be 11 in Brw(rr). 
For i G P, define an element pi G ErLd(Vw) as by Pi(vO = ociVi; pi(vj) = (IItGR-t(j)=i^t)vi. 
So Pi is a projector to the hne Cv^. 

Lemma 2.3. The map T^ M' l(w) for w G W and e^ i— > p^ for I G P extends to a 
representation plk : Brw(n) -^ End(Vw). 

We call this representation as the infinitesimal Lawrence-Krammer representation. So 
the connection O^ = K^|gp(^5g,^.^j.)^^ksL(s) —Tpi)wi on the vector bundle Mw x Vw is 
fiat and W-invariant by Proposition 2.1. D.}^ induces a fiat connection O^ on the bundle 
Mw xw Vw , whose monodromy representation is defined as the generahzed Lawrence- 
Krammer representations (of Aw). The generalized Lawrence-Krammer representations 
for finite type simply- laced Artin groups are invented by Cohen and Wales in [ CW] , and 
Digne in pi] independently. In [Ma2j Marin introduced generahzed Lawrence-Krammer 
representations for pseudo reflection groups whose pseudo reflections all have order 2. Above 
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slightly further generahzation of Marin's work can be found in [CH], which is put in the 
frame of Brw(n) for later convenience. 

Consider the permutating action of Won P, denote the space of orbits as P/W. For each 
c G P/W, it is easy to see Vw,c = C < v^ >igc is a sub representation of plk • Thus we have 
a decomposition Plk = fficeP/wPLK,c according to the decomposition Vw = ©ceP/wVw,c- 
In dihedral cases (where we can set P = R ), when m is odd, the set of reflections R of 
Dra contains only one orbit. When ra is even, let Cq C R, Ci C R be those reflections 



Vd, 



iCfl 



Vd^,c, , correspondingly 



conjugated to so, si respectively. Then we have Vd^ 

Plk = Plk,co © Plk,ci • 

The following result follows from Proposition 3.4 and Proposition 4.2 of [Ma2]. 

Lemma 2.4. When ra is odd, for generic k, oc, the infinitesimal Lawrence- Krammer 
representation plk is irreducible. When m is even, for generic 'ko,oco,'k^,oc^, the rep- 
resentations Plk,co) Plk,ci CLfs irreducible. 

3 Generalized Lawrence-Krammer Representations 

Suppose W is a finite Coxeter group. We assume the conventions for E, R, Mw as in Section 
2. We study the generahzed Lawrence-Krammer representation in detail for the cases when 
W is a dihedral group, as they will play an important role in the next section. 

Denote the dihedral group of type liira) as Dra. The arrangement of its reflection 
hyperplanes can be explained with the following Figure 1. 




m=6 

Figure 1: The arrangement of Dg 

There are ra hnes(hyperplanes) passing the origin. The angle between every two neigh- 
boring hues is 7r/ra. Suppose the x-axis is one of the reflection hues and denote it as Hq, 
we denote these hnes by Ho,Hi, • • • ,14^,-1 in anticlockwise order as shown in above graph. 
Denote the reflection by H^ as Si. The set of reflections in Dttl is R = {si}o<i<Ta-i • Denote 
the rotation of 2j7r/ra in anticlockwise order as Vj . It is well known that Dra is generated 
by so,si with the following presentation 



< So ,Sl, Ksosi, 



l,s^ 



sf 



1 > 



The associated Artin group Aw^ has a presentation: 

< ao, CTi, |[cToO-i •••Im = [O'l0'0---]m > • 

As a set 0,^ = {si,rJo<i<m-i- Under this presentation, St can be determined inductively 
in the following way. si = si, S2 = siSqSi and St = Si_iSi_2Si-i. Recall by [siSj •••]]< we 
denote the length k word starting with SiSj, in which St and Sj appear alternatively. The 
word [• • • sosilk is defined similarly. Then St = [si sq • • • lii-i , where Sm = [si sq • • • lim-i = sq. 

The cases vi^hen m is odd Recall the connection Q^ on Mw x Vw in Lemma 2.2. We 
denote Dm simply as W in this paragraph. For these cases all reflections in W he in one 
conjugating class. So the constants kg all equal to some k and constants as all equal to 
some a. We simply denote the base elements Vj^ of Vw as V|, the projector ps^ as pt, and 
cus^ as cui, for < I < ra — 1 . The connection can be rewritten as: 

m-l 

0.m= Y_ K(ki.(si) - Pi)tUi, (2) 

i=0 

Where the W representation (Vw, is as in Section 2, and pi is defined by pi(vi) = 
avi;pi(vj) = kvi if j /I. Denote the induced fiat connection on Mw xw Vw as Ora 
and the monodromy representation of 0.^. as Ilk : Aw —> GL(Vw/). 

Lemma 3.1. Set q = exp(Kk7t\/^) and I = exp(Ka7r\/^)/q. For generic k, 

(1) (Tlk(o-0 - 1-M(Tlk(ctO - q)(TLK(cTi) + q-^) = /or I = 0, 1. 

(2) et = -^Trri^lTLKlo-t) - q)(TLK(o'i) + q^M is a projector, i.e, Rankei = 1 /or I = 0, 1. 

Proof. We only need to prove the case 1 = 0. Another case is similar. First we diagonahze 
i.(so) under certain basis {uq, • • • ,Ura-i} where uq = vq. Under the same basis K(kL(so) — po) 
is presented by a matrix whose entries other than the diagonal and the first column are zero. 
Now by Lemma 2.2, the operator Ti_k(cto) is conjugated to L(so)exp(\/^7tK(kL(so) — Po))- 
Under the basis {ui}, the operator i,(so) exp(\/^7TK(kL(so) — Po)) is still presented by a 
matrix whose entries other than the diagonal and the first column are zero, and whose (1,1) 
entry is l^^ ,other diagonal entries are q, q^^ When K(k — a) ^ {Kk + Z} U {— Kk + Z}}, so 
1-^ ^ {c|) q^}) we see i.(so) exp(\/^7tK(kL(so) — Po)) is also diagonalizable with eigenvalues 
q,— q^\l^\ and the eigenspace of l^^ is one dimensional. So complete the proof. 

D 

The cases vi^hen ra = 2k is even In this paragraph denote Dra(ra being even)as W. In 
these cases the set of reflections in W consists of two conjugacy classes, represented by sq, 
si respectively. So constants for the connection consists of ks(,,ks,, aso) ''^s, • Denote them 
simply by ko,ki, ao, «i- Denote the basis element Vj^ of Vw as v^, projectors ps^ as pi, and 
cusi as cui for < I < ra — 1 . The connection O^ can be rewritten as 

k-l k-1 

^m= K(^(kol.(S2i) -P2l)cu2i + ^(kil,(s2t+l) - P2i+1 )cU2t+l ). (3) 

1=0 i=0 
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Where pi (0 < I < m — 1 ) is determined by: Pi(vj) = if 2 f I — j; pi(vj) = 2vi if 2 | I — j 
and 1 7^ j; Pi(vi) = kovi if I is odd; pi(vi] = kiVi if i is even. Denote the flat connection on 
Mw xw Vw induced from Clm as Clm, and denote the monodromy representation of Clm as 
Tlk : Aw -^ GL(Vw/). We have the following Lemma. The proof is similar to Lemma 3.1. 

Lemma 3.2. Set qi = exp(Kki7Ty^) and U = exp(Kai7rA/^)/qt for i = 0,1. For 
generic ki and oci, 

(1) (Tlk(o-0 -irM(TLK(cTO - qi)(TLK(o-i) + qri) = /or I = 0, 1. 

(2) et = -^^(TLK(o-i)-qi)(TLK(o-i) + qi7M is a projector, i.e, Rankei = 1 fori = 0,^. 

The following lemma is a easy fact. 

Lemma 3.3. Suppose V is a Hermitian vector space whose distance is denoted as d(, ). 
Suppose {vt}i=i,...,Ta C V span V. Then there exists e > 0, such that d(V|,vi) < e for 
i = 1 , • • • , ra implies {vji=i^... ^^u span V. 

Definition 3.1. Let V be a linear space. A set {AJigi c gUV) is called irreducible on 
V if for any v G V, the set {Ai(v)}igi span V. 

Lemma 3.4. Let Y be a finite dimensional Hermitian linear space. Suppose {Ai}i=i^... ^ra C 
gUV) is a finite set being irreducible on V. Then there exists e > such that 
d(A.,Ai) < e for i = I,--- ,Ta implies that {\}i=^,■■■,m. is irreducible on V. Where 
A- G gUV), and d( , ) is a metric on gUV) defined by d((ag],(by)) = ^- : |ay — bg|^ 
(Here we suppose a basis of V /las been chosen, so identify gUV) with the matrix 
algebra.) 

Proof. Denote the projective space of V as P(V). By Lemma 4.3, for any [v] G P(V) we can 
easily find a neighborhood U([v]) of [v] and a constant e[y] > such that [v ] G U([v]) and 
d(A-,Ai) < e for I = 1,- • • ,m implies that {A-v'}i=i_...^Tu span V. Prom this we can find a 
constant e > such that if d(A|, At) < e for I = 1, • • • ,Ta, then {AJi=i_...^^ is irreducible 
on V, because P(V) is compact. 

D 

Lemma 3.5. When m is odd, for generic data U and k, the representation Tlk is 
irreducible. When m is even, for generic data U and k, the representations Tlk,0)Tlk,i 
are irreducible. 

Proof. First consider the cases when ra is odd. As in section 2, set IT = {k, a}, the map 
Si I— > L(si), ei I— ) Pi (1 = 0,1) extends to a representation Plk : BrD,^(n) — > End(VD^). 
Where pi, l(w) are defined as in section 3. Then the connection Clm. (equation (1)) can be 
rewritten as Clm = Y.u^ (kpLK(si) — PLK(ei))"Ji. By Theorem 6.1 of |CH] we know BrD„^(n) 
has dimension 2ra + m^. Suppose xi,- • • ,X2^+tti2 is a basis of Bro^jn), and suppose the 
generating set {sq, si , eo, ei } C xi , • • • , X2nT^+TTT^2 . By Lemma 2.4, we know for generic TT, the 
set of operators {plk(xi )> • " " > PLKl^im+m^)} is irreducible on Vq^^. Now by Lemma 2.2, we 
have 

TlkIco) = Plk(so) exp(\/^7tK(kpLK(so) - pLK(eo))) = Plk(so) + 0(k) (4) 
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and 

Tlk(o-i) = A(K)pLK(si)exp(\/^7tK(kpLK(si)-pLK(ei)))A(K)"^ = Plk(si) + 0(k) (5) 
for suitable matrix A(k) such that A(k) = I + 0(k). So we have 

(Tlk(c^o) - 1) = Icplk(so) - pLK(eo) + 0(k). (6) 



2\A^7rK 
Similarly we have 
1 



, , ^(Tlk(cti)2-1) = A(K)(kpLK(si)-pLK(ei))A(K)-VO(K) = (kpLK(si)-pLK(ei))+0(K) 

(7) 
Apply Lemma 3.4 to the set (plkI'Ci)? • • • > PLKt'Cim+m^)}) ^^ obtain some e > 0. Since 
{so,si,kso — eo,lcsi — ei} generate BrD^(n), by above equations (3), (4), (5), (6), we can find 
elements {Xi , • • • , X2ra+m2} C CAq,,^ and r] > 0, such that if k < -q then d(TLK(Xt), PlkIxi)) < 
e for 1 < 1 < 2ra + m^. Where d(A, B) is the distance introduced in Lemma 3.4. So by 
Lemma 3.4 for those TT and k < ri, the representation T]_k is irreducible. So we see the subset 
of K with which the representations are irreducible contains an open set. Since the subset 
of K with which the representation Tlk being reducible is a subvariety, we see for generic k 
the representation Tlk is irreducible. The cases when m is even can be proved similarly. 

D 

Denote the free monoid generated by Xq, Xi , Eq, Ei as A. Let m be an odd positve integer, 
and TT = (k, a) G C^ x C, or ra being an even positive integer and TT = (ko,ki, ao) «i) £ 
(C^]^ X C^. For X e A, define f(X) G End(Vw) to be the morphism obtained by replace 
letters Xo,Xi,Eo, El in X with TLK(o'o),TLK(o'i),eo,ei respectively. For example, f(XoEoEi) = 
Ti_K(o-o)eoei G End(Vw). 

Definition 3.2. Choose generic constants system TT and k. The map ^^^yf k '■ ^ ^ 'C 
(i = 0, 1) is defined by the following identity. ei.f(X)ei = 0]^jj ;^(X)ei. 

Remark 3.1. Above definition makes sense because for any <^ G End(V), ei4)ei G Cei 
since ei's are projectors by Lemma 3.1 and Lemma 3.2. 

Now we present the definition of Birman-Murakami-Wenzl algebras for dihedral groups. 
Let W be a finite Coxeter group, suppose the set of reflections R in W consists of nw 
conjugacy classes Ci (t = 1, • • • .,rvw)- We associate a pair of numbers (kt, oi{) G C^ x C with 
each class Ci, and denote the data of all (k^, aj as TT. We denote the BMW algebra associated 
with W (to be defined ) as Bw(TT, k), where k G C If W is of type F ( F is a Coxeter matrix 
or Dynkin diagram ), we also denote the associated BMW algebra as Br(TT, k). Suppose 
ra = 2T. So TT = {ko, ao>l<^i> «i}- Set qi = exp(KA/^7tki), It = exp(Kai7r\/^)/qi for 
1 = 0,1. 

Definition 3.3. The algebra BDn^(TT) is generated by Xq ,X^ ,Eo,Ei with following rela- 
tions. 
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1) X,Xr = 1,1 = 0,1; 

2) [XqXi • • -Ira = [XlXo- • -Ira; 

3] (qri - qOE, = U(Xi - qO(X, + qr') for 1 = 0, 1; 
4] XiEi = EiXi = lriEt /or 1 = 0,1 ; 
5) EiXEi = OJ^n,K(X)ti for anyX€A,i = 0, 1; 
6] EoXEi = = EiXEo for any X G A. 

When is odd, the data fl = {k, a}. Set q = exp(KA/^7tk] and I = exp(Ka7t\/^)/q. 

Definition 3.4. The algebra BD„jn, k) is generated by Xo,Xi,Eo,Ei with following re- 
lations. 

1) XtXr = l, 1 = 0,1; 

2) [XqXi • • -Ira = [XlXo- • -l-m,; 

3) (q-i - q)Ei = l(Xi - q) (X^ + q-^ ) /or i = 0, 1 ; 

4) X,Ei = E,Xi = 1-1 E, /or 1 = 0,1 ; 

5) EiXEi = OJ^n,K(X)ti for any X G A,l = 0, 1 . 

Remark 3.2. j46ot;e 5) of Definition 3.3 and 4) of Definition 3.4 looks containing 
infinite many relations. But it isn't hard to see we can choose finite many X in these 
relations to obtain the same algebra. 

4 BMW type algebra associated with dihedral groups 

In this section we study the algebras Bd^IET, k) to certify from several aspects that they 
are suitable deformations of the Brauer type algebras introduced in |CHj . The following 
Proposition 4.1 is easy to see. 

Proposition 4.1. Denote the ideal in BD„^(n, k) generated by Eo,Ei as l-m.. Then when 
vn is odd, the quotient algebra BD„^(n, k)/!^^ is isomorphic to the Hecke algebra HD^(q). 
When m is even, BD„jn, k)/!^ is isomorphic to the Hecke algebra HD„^(qo) tli ) of multi- 
parameters. 

Set T = M^-^-qHl-'+q-M ^ Mlr^-qOdr'+qrM fo, t ^ 1. 

q- -q ' qr -qt 

Lemma 4.1. In BD^(n, k) for odd vn we have 

(1) E2 = TEi /or 1 = 0,1; 

(2) El [XqXi • • • Ira-l = [XqXi • • • Jra-l Eq. 

In BD^(n) for even vn we have 

(3) e2 = t,E, /or I = 0,1; 

(4) Ei[XoXi---U_i =[XoXi---]^_iEi; 

(5) Eo[XiXo • • -Ittl-I = [XjXq • • -Ira-lEo; 

(6) [•••XiXo]^_iEi =Ei[---XiXo]^_i =rJ'ol^y,i[■■■X^Xo]rr.-^]^^^■, 

(7) [•••XoXi]^_iEo = Eo[---XoXi]^_i = Vo^'n([- • • XoXi]^_i]Eo. 
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Proof. (1),(3) are by simple computations. To show (2), we use relation (3) of Defini- 
tion 3.3 and the identities X'i[XoXi •••]ra-i = [XqXi ■ ■ ^]■n\-^^}) for nonzero t's. The proof 
of (4), (5) are similar to (2). For (6), we start from the equation Ei[- • • XiXo]ra-iti = 
^mn([" ■ "-^i^olm-Oti, which is a special case of relation (5) in Definition 3.2. Then by the 
proved equations (4),(1) of this lemma, the left side equals x^p^- • -XiXolra-iEi and (6) is 
proved. The proof of (7) is similar. D 

Lemma 4.2. (1) When ra is odd, the algebra BD^(rT, k) is spanned by the subset 

{[XoXi • • -IdO < I < m}U{[XiXo • • -Ijll < j < m-l}U{[- • • XoXi]iEo[XiXo • • • ]j|0 < i, j < m-1}. 

(2) When ra = 2k is even, the algebra Bq^^ (IT, k) is spanned by the subset {[XqXi • • • ]i|0 < 
i < m}U{[XiXo • • -IjH < j < m-l}U{[- • • XoXi]iEo[XiXo • • • ]j|0 < i, j < k-l}U{[- • • XiXoltEi [XqXi ■■■]^\0< 

Proof. First we prove (1). It is a well known fact that the Hecke algebra HTa(q) can 
be spanned by the subset {[XqXi •••]i[0 < i < ra} U {[XiXq • • -Jjll < j < ra — 1} for any 
q. So by Proposition 4.1, we only need to show the ideal Ira is spanned by the subset 
{[• • •XoXi]iEo[XiXo • • -IjlO < I, j < ra— 1}. Now by (2) of Lemma 4.1, Ira can be spanned by 
{f(X^,X^,Eo)}, which is the set of words composed by letters Eo,X^. By (5) of Definition 
3.4 and (1 ) of Lemma 4.1 we see Ira can be spanned by those words in {f (X^, X^, Eq)} which 
contain only one Eq. Then by (3), (4) of Definition 3.3, Ira can be spanned by the set 
{[• • •XoXi]niEo[XiXo • • -Ini}- Denote the space spanned by {[• • • XoXi]iEo[XiXo • • -IjlO < l,j < 
m— 1} as I^. We prove I^ is stable under the multiplication by Xo,Xi from left side. 

Case 1. i < ra — 1 and i is odd, then the left most letter in [•••XoXilt is Xi, so 
we write the word in discussion as [Xi • • •XoXi]rEo[XiXo • • •],. Since I < ra— 1, Xq • 
[Xi • • • XoXi]rEo[XiXo • • -Ij G 4. And we have X, • [Xi • • • XoXi]rEo[XiXo • • -Ij = 

Xf[---XoXi]i_iEo[XiXo---]j = Ei[---XoXi]i_iEo[XiXo---]jmod4 by (3) of Definition 
3.4. Using (2) of Lemma 4.1, we have Ei [• • •XoXi]i_iEo[XiXo • • •]] = 

[•••XoXi]^_iEo[---XoXi]^Li[---XoXi]i_iEo[XiXo---]j = y[- • • XoXi]^_iEo[XiXo • • -Ij for 
some y G C by (5) of Definition 3.4. 

Case 2. 1 < m— 1 and I is even, then the word can be written as [Xq • • • XoXi]rEo[XiXo •••],. 
Since I < m— 1, Xi • [Xq • • • XoXi]iEo[XiXo • • •]] G Ira- ^^ is easy to see we have also 
Xo • [Xo • • • XoXi]iEo[XiXo •••]] G Ira- 
Case 3. 1 = ra — 1. It is easy to see Xo[- • • XoXi]ra-iEo[XiXo • - -]j G Ira- -^^"^ ^^ have 

Xi[- - -XoXi]ra-lEo[XiXo- • -Ij = XiEi[- - -XoXi]ra-l[XiXo- • • ]j = 

r^Ei [- - - XoXi]^_i [XiXo - - - ]j = rH- • • XoXi]^_iEo[XiXo • • • ]j G C- 
Similarly we can prove I^ is stable by multiphcation by Xo,Xi from the right side. So 
(1) is proved. 

For (2), denote the subspace in Bd^IH, k) spanned by 

{[---XoXi]iEo[XiXo---]j|0<i,j<k-l}U{[---XiXo]iEi[XoXi---]j|0<i,j<k-l} 
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as l^. We only need to show !„, = Irn ^^ ^^^^- Similar discussions by using Defini- 
tion 3.3 (Notice the relation (6) ) and Lemma 4.1 show that Im is spanned by the set 
{[•••XoXi]niEo[XiXo---]n2}U{[---XiXo]niEi[XoXi •••Inzl- So it is enough to show that I^ is 
stable under the left and right multipHcation by Xq, Xi . It suffice to show the left case and 
the cases for words {[• • • XoXi]iEo[XiXo • • -IjlO < i, j < k— 1}. Other cases are similar. 

Case 1. i < k — 1 and t is odd. Then the word in discussion can be presented as 
[Xi •••XoXi]iEo[XiXo---]j. Since l<k-l we have Xq • [Xi • • •XoXi]iEo[XiXo • • -Jj G C. On 
the other hand, Xi • [Xi • • • XoXi]iEo[XiXo ■■■]^= Xf [• • • XoXi]i_iEo[XiXo • • -Ij e C by (3), [6] 
of Definition 3.3. 

Case 2. i < k — 1 and I is even. The word can be written as [Xq • • • XoXi]^Eo[XiXo •••]]. 
Since I < k — 1 we have Xi • [Xq • • • XoXi]iEo[XiXo • • • ]j G I^. On the other hand, 

Xo-[Xo • • • XoXi]iEo[XiXo • • -Ij = Xg[- • • XoXi]i_iEo[XiXo • • -Ij G C by (3), (5) of Definition 
3.3. 

Case 3. 1 = k— 1. If kis odd, then the word can be written as [Xq • • •XoXi]k-iEo[XiXo •••]]. 
Now we have 

Xo • [Xo • • • XoXi]i,_iEo[XiXo • • -Ij e C by (3), (5) of Definition 3.3. And we have 

Xi • [Xo • • •XoXi]k_iEo[XiXo • • -Ij = V(D^n([- " " XoXi]^_i)[- • •XiXo]^liEo[XiXo ■■■]^ = 

^0^ ^m,n([- • • XoXi]n,_i ][• • • X-iX7\_iEo[XiXo • • • ]j = y[- • • XoXi]k-iEo[XiXo • • • ]j mod i; 
for some y G C. Where the first " = " in above equation is by (7) of Lemma 4.1, the third 
" = " is by iterated use of Definition 3.3. The cases of k being even and i = k — 1 are easy 
to see. 

D 

The dihedral group D3 is just the symmetric group S3. We have 

Proposition 4.2. The algebra 603(11, k) in Definition 3.4 is isomorphic the BMW 
algebra B3(q,l). 

Proof. By comparing Definition 1.1 for B3(q,l)(BA2(c|,l)) with Definition 2.1 for 803(11, k), 
we only need to prove that the relation 5) of Definition 3.4 can be induced from relations 
in Definition 1.1 for B3(q,l). First, for B3(q,l), let X be any word composed from X^, Ei 
(1 = 0,1), we claim there exist 4)(X),i|;(X) G C[q=^,l=^], such that EqXEo = ct)(X)Eo, EiXEi = 
\);(X)Ei. Denote the length of a word X as l(X). Call letters Xo,Eo (Xi,Ei) as of type 
(typel). By relations in Definition 1.1, we only need to consider those X in which type 
letters and type 1 letters appear alternatively and l(x) being odd. It is proved in Proposition 
2.3 of [CGWlj that EqEiEo = Eq and EiEqEi = Ei. So the claim is true for l(X) = 0,1. 
Suppose we have proved the claim for l(X) < 2k + 1 . Now suppose l(X) = 2k + 3. For the 
case EqXEo, we can assume the letter Eq doesn't appear in X and Ei appear in X at most 
once. Because otherwise we can use induction. So we only need to consider those X with 
l(X) < 3. Because if l(X) > 5, by assumption above X = XiXqAjY or X = YAiXqXi, where 
Ai = Xi or El. Now EqXiXoAiYEo = XiXqEiAiYEq = AXiXqEiYEo = AEoXiXqYEo for some 
A G C[q±,l±], which implies EoXiXqAiYEq G C[q±,l^]Eo because UXiXqY) < l(X). So to 
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prove the claim for EqXEo, we are left with the cases X G {XiXoXi,EiXoXi,XiXoEi}, which 
can be certified by simple computations. The cases for EiXEi can be proved similarly. 
Since the Lawrence-Krammer representation factor through B3(q,l), we see (i>{X) = 



O^j^JX) and i^X) = O^^^ JX), where TT = {cx,k} such that q = exp(KV^7Tk], I = q' 

D 

When m is odd, suppose (V, p) is a finite dimensional representation of Btd^JET), where 
TT = {k, a}. Then on the trivial bundle M^^^ x V we have a Dra-invariant flat connection 

m-l 

p(aD,J = K^(kp(st)-p(ei))tUi. (8) 

i=0 

It induces a flat connection p(Dd„^) on Mq,,^ 'Xv„^ V, whose monodromy representation 
will be denoted as Tp : Aq^ —> GL(V). When m = 2k is even, suppose (V, p) is a flnite 
dimensional representation of BrD,^^(TT), where TT = {ko, ao;ki, ai}. Similarly by using the 
Dra-invariant fiat connection 

k-l k-1 

p(aD^] = K[^(kop(s2i)-p(e2i)]a)2i + ^(kip(s2i+i]-p(e2i+i))cu2i+i], (9) 

1=0 i=0 

we obtain a monodromy representation Tp: Aq,,^ —^ GL(V). 

Proposition 4.3. (1) Suppose vn is odd. Let the data U be generic so that Btd^^TT) 
is a semisimple algebra. Then for generic k, the representation Tp of Aq,,^ factors 
through the algebra Bd„JTT, k). (2) Suppose vn is even. Let the data TT be generic so 
that BrD^(TT) is a semisimple algebra. Then for generic k, the representation Tp of 
Ad,,^ factors through the algebra Bq^^TT, k) . 

Proof. We prove (2), the proof of (1) is similar and easier. So let m be even. Denote 
the natural quotient map from BrD^(TT] to CDtu as n-n- Suppose pi,--- , pv are all the 
irreducible representations of CDra, denote the representation of BrD,^(TT) induced from 
Pi through Ttra as pi. As in Lemma 2.4, we have two more representation Plk^co Plk,ci of 
l^Dmf^)- ^y Theorem 6.1 , Theorem 6.3 of [CH], we know for generic data TT, the algebra 
BrDn^(TT) is semisimple and Pi, • • • , Pv, Plk,co) Plk,ci are all the irreducible representations of 
BrD^(TT). So because of semisimphcity of Btd^JTT), we only need to prove the proposition 
when p is one of above listed irreducible representations. Set qt = exp ( \/^7tKkO , T^ = 

,P — k n frr.l — n.UT rrr-l-Ln-l- 



exp(Kai7tv— l)/qr. Set e[ = -i_ (Tp(ai) — qO(Tp(gO + qi ) for I = 0, 1. We want to show 
the map (})ra : E^ i— ) e?, X,^ i— ) Tp(ai) extends to an algebraic morphism. Recall by Lemma 
2.2, Tp(ai) is conjugated to p(st) exp(K\/^7r(kip(si) — p(ei))] where k^ = ko for even i, and 
ki = ki for odd I. Suppose p = pi, then kip(si] — p(ei) = kip(st] can be presented by a 
diagonal matrix whose diagonal elements being in {±ki}. So we know e? = and c})^ keep 
all relations in Definition 3.3 and these cases are done. Now suppose p = Plk,co- By (1) of 
lemma 3.2, we see ^-n satisfy (4) of Definition 3.3. The cases for (1), (2), (3) of Definition 
3.3 are trivial. Since Tp is a subrepresentation of Tlk, by definition of ^]n.i][X] we know 
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relation (5) of Definition 3.3 is also satisfied by (^m.- Since Tp^K.c (^i) = ^i ^^ see e^ = so 
relation (6) of Definition 3.3 is also satisfied by 4)Ta. The case for p = Plk,c, is similar. D 

Remark 4.1. // (V, p) is the infinitesimal Lawrence- Krammer representation o/Brra(n) 
[in Lemma 2.3) , then the connection p(Dd„J of equation [7) [ [&) ) coincide with the 
connection D-m of equation (1) ( (2) ). So above proposition shows the generalized 
Lawrence- Krammer representation o/ Aq^, factor through the algebra Bd^^ITT, k). It 
thus provide us a way to compute the monodromy of Marin's flat connections by using 
the generalized BMW type algebras, at least in cases of dihedral groups. 

Theorem 4.1. (1) When ra is odd, for generic data TT, k, the algebra Bd,^(TT, k) is 
semisimple with dimension 2ra + ra^; (2) When ra is even, for generic data U, the 
algebra BD^(rT, k) is semisimple with dimension 2ra + ^. 

Proof. First we prove (1). According to Proposition 4.1, denote the quotient map from 
BD„^(n, k) to the Hecke algebra Ho^lq) as n. For generic q, HD^(q) is semisimple and 
we denote its irreducible representations as Pi,--- ,Pk- Through n, each pi induces an 
irreducible representation pi of Bd,,JTT, k). These representations are different from each 
other and we have ^^^^(dimpi)^ = dimMg^lq) = 2Ta. Because for any 1 < 1 < k, the 
annihilating polynomial of Pi(Xj) has degree 2, and the annihilating polynomial of Tlk(Xj) 
has degree 3, so by Lemma 3.5 we know Tlk is an irreducible representation different with 
any pi. So by Wedderburn-Artin theorem, we have dimBo,^(TT, k) > ^i^i(dim pi)^ + 
(dimTLK)^ = 2Ta + ra^. So by (1) of Lemma 4.2 and by Wedderburn-Artin theorem again, 
we know for generic data IT, k, BD„jn, k) is a semisimple algebra with dimension 2ra + ra^. 
The proof of (2) is similar, by using (2) of Lemma 4.2 and the Wedderburn-Artin theorem. 

D 

Remark 4.2. By Theorem 6.1 of \CH\ . we have dimBrD^(T] = m^ + 2m for odd m, 
and dimBro^^JT) = ra^ + y for even ra. Above Theorem 4-i and Proposition 4-2, 4-3 
say that the algebra Bd^ITT, k) is a satisfactory deformation of the Brauer type algebra 

Now let Wr be a Coxeter group with Coxeter matrix V = (raij)nxn- Which has a 
presentation as in Theorem 2.2. For each 1 < 1 < n, choose a pair of constants (k^, aO € 
C^ X C such that (k^, a^) = (kj,aj) if S{ is conjugated to Sj. Denote the data consisting 
of {(ki, at)}{|^i as one symbol TT. Let k G C. Set qi = exp(K\/^7tki), U = (qt)"^^^ for 
1 < I < n. The definition of BMW type algebras of Dihedral groups naturally inspire us 
to present the following definition of Bw(n, k), the BMW type algebra of type W. These 
algebras will be generated by elements X^, Et, 1 < 1 < n. For 1 < I < j < n, denote 
the parabolic subgroup of W generated by St,Sj as Wy. Then Wy is isomorphic to D^n^.. 
Denote the data {(ki, at), (kj, aj)} as TTy . Denote the free monoid generated by Xi, Ei, Xj, Ej 
as Ay. Repeat the definition of function ^\^y] k ^^ Definition 3.1, but replace the roles of 
(Dtt^,Xo,Eo,Xi,Ei,A,TT) by (Wy,Xi,Ei,Xj,Ej, Ay,ny), we obtain functions 0\^,.j^,, and 
Oj^ y^ from Ay to C, which are similar to O^ y^ ^ and O]^ n k ^^ Definition 3.1 respectively. 
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Definition 4.1. The algebra Br(n, k) is generated by elements X^ ,Ei, 1 < I < n with 
the following relations. 

(1). XiX7 = X7Xi = ^ for any i; 

(2). [XiXj • • • ]^, . = [XjX, • • • ]^, , for any i / j; 

(3). (qri - qOEt = h[Xi - qO(Xt + qr^) /or any l; 

(4). X,Ei = EiX, = lr^Eiforanyi; 

(5). E,XE, = (Dj^. . n^ ._JX)E, and EjXE^ = O^ . ^^ . JX)Ej /or any i < j and X e Ag; 

(6). EiXEj = /or any X e A^ if ratj is an even number greater than 2. 

5 General BMW Type Algebras 

Let r = (mg)n,xn be a Coxeter matrix. For each 1 < 1 < n, choose qi G C^ such that 
qi = qj if Si is conjugated to Sj. Denote the data {qi,--- , qn} as q. The type V Hecke 
algebra Hr(q) is the quotient algebra of the group algebra CAp to the ideal generated by 

{[(Ji — qi)(cri + q^^^)}. The following Proposition is evident. 

Proposition 5.1. The map Xi i-^ at, Ei i— > (1 < I < n) extends to a surjection from 
Br(rT, k) to Hr(q) if the data TT and q satisfies qi = exp K^/^Txki for 1 < i < n. 

The following Theorem 5.1 is proved using similar method as in the proof of Proposition 
2.9 of [CGWlj . Suppose V = (mij)nxn is a finite type Coxeter matrix. Let wq be the 
longest element of Wr and denote the length of wq as L. A sequence in [1 , n] is a sequence 
(ii , ii, • ■ ■ ) i-k) where 1 < Iv < n for any v. The sequence (ii , I2, • " " > i-k) is called reducible if 
i-v = iv+i for some v. Otherwise it is called irreducible. A basic transformation of a sequence 
Q is, replacing a subsequence [i, j,---]mij in Q by [j,i, • ■ 'Imi j- For example, transform 
(3, 1,2, 1,2,4) to (3,2, 1,2, 1,4) when mi ,2 = 4. By the theory of Coxeter groups, we see the 
following fact: if a sequence Q has length greater than L, then Q can be transformed into 
a reducible sequence. 

Theorem 5.1. If V is of finite type, then Br(n, k) is a finite dimensional algebra. 

Proof. Denote the set of words composed by {Xi, Ei}i<i<n as S. By (3) of Definition 4.1, we 
see Br(n, k) can be spanned by S. Let wq be the longest element of Wr, denote the length 
of Wo as L. For a word W, denote the length of W as l[W). Let So = {W G S|l(W) < L}. 
Denote the subspace of Br(n, k) spanned by So as A. The theorem follows from the following 
assertion: Any word in S he in A as an element of the algebra. Let W G S. When l[W) < L, 
the assertion is evident. Suppose we have prove that for any W G S with l(W) < K, we have 
W G A. Here we can ask K > L. Let W G S is a word with length K + 1 . Each word W G S 
determine a sequence of indices Qw- For example, if W = E1X2X3E2 then Qw = (1,2,3,2). 
Since the length of Qw is greater than L, we see Qw can be transformed into a reducible 
sequence by M times of basic transformations. Then we do induction on M. If M = 0, then 
Qw is reducible, which mean W contains a subword with one of the following type: EiEi, 
XiEi, EiXi, XiXi. By relation (3), (4) of Definition 4.1 and by induction we see W G A. 
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Now suppose the assertion of liW] < K and l(W) = K + 1, M < J are proved. Suppose we 
have a word W such that Qw is irreducible, l(W) = K + 1 and M = J + 1 . Then there is 
a series of sequence Qi,Q2,-"" ) Qj+2 such that Q^ = Qw, Qj+2 is reducible and Qi+i is 
obtained by doing one basic transformation to Qi. Denote the subword of W in the position 
where the baisc transformation to Qz occur as V. And suppose the basic transformation 
from Qi to Q2 is by replacing a subsequence [i, j • • • Imi.j 'with [j, I • • • Iraij • ^'^^ example when 
W = X1E2X3X2E3, and Q2 = (1,3,2,3,2) then V = E2X3X2E3. First we observe if there 
are two E^, or two Ej in V then we can shorten V by Relation (5) of Definition 4.1 and the 
assertion for W can be proved. So we can suppose there is at most one Ei and one Ej in V. 

Case 1. ray = 2k + 1 is odd, V = AE^EjC where A, C contain only Xi,Xj. Denote 
the length of A, C as a, c respectively, so by above arguments A = [•••XiXjIq and C = 
[• • • XjXilc- We have a + c = 2k — 1 . Suppose a > c, so a > k. By applying (2) of Lemma 
4.1 to the subalgebra generated by {Xi^,Xj,Ei^,Ej}, we have AE^EjC = [• • •]2k-atjDEjC = 
A[- • •]2k-atjC, where [• • •]2k-Q denote some word with length 2k— a, and D is some word. 
Since l[[- • • ]2k-QEjC) < K, by replace Xr^ in [• • • ]2k-a with linear sum of Xi, Ei, we complete 
the proof of this case by induction. The case of a < c is similar. 

Case 2. ra^j = 2k + 1 is odd, V = AE^BEjC Where A, B, C are nonempty words contain 
only Xi, Xj. Denote the length of A, B,C as a, b,c respectively. We have a / c because 
otherwise V = AE^BEiC which contradicts our assumption. We can suppose a > c. The 
cases of a < c is similar. Again by using (2) of Lemma 4.1, AE^BEjC = [• • • ]2k-atjDEjC = 
M- ■ •]2k-atjC. Now l(A[- • •]2k-atjC) = 2k — a + 1 + c < 2k — 1 so by induction we complete 
the proof of these cases. 

Case 3. m-ij = 2k + 1 is odd, V = AE^B where A, B are nonempty words contain only 
Xi,Xj. Denote the length of A, B as a, b respectively. Suppose B is nonempty. Relation 
(3) of Definition 4.1 gives us an identity Xi = AXr^ + (j,Ei + y. Replace every Xi in B with 
AXr^ + p,E^ + y and every Xj in B with AXr^ + ^Ej +y, we see V = A'AEi[XriXri . . . ]^ + u 
where U is a hner sum of words containing two Ei, or containing more than one Ei and 
containing one Ej with length K + 1 , or with smaller length. By Case 1 and 2, we see 
U G A. And by (2) of Lemma 4.1, we have AEi[Xrixri ■ ■ .]^ = [• • • Xr^Xr^EjA'. By 
replacing X:[\XT^^ in the subword [• • -Xr^Xr^Ji, we see W = a linear sum of words with 
sequence Qz mod A. Since Qz can be transformed to an reducible sequence with fewer 
basic transformations, we proved these cases. 

Case 4. mij = 2k + 1 is odd, V = [XiXj • • • ]2k+i • By replacing the subword V in W by 
[XjXi • • • ]2k+i , we see the resulted word (equal W ) has sequence Qz, then we use induction. 

For the cases when mij = 2k, the same argument shows we only need to consider those 
cases when V contain at most one Ei and one Ej. Now (6) of Definition 4.1 show we only 
need to consider the cases (1) that V contain one Ei or one Ej; (2) the case V contain only 
Xi, Xj. We can prove the cases (1 ] similarly as above case 3, and prove the cases (2) as above 
case 4. D 

When r is a simply laced type Coxeter group, then all reflections of Wp lie in the same 
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conjugacy class. So the data V\ of Br(rT, k) consists of {k, a} essentially. As a corollary of 
Proposition 4.2, we have 

Proposition 5.2. The algebra Br(n, k] defined in Definition 4-1 is isomorphic to the 
simply laced BMW algebra Br(q,l) of \CGW1\ for q = exp^K^Z-TTtk), I = £M^EyEIl. 

Let W be a finite type Coxeter group. Let R be the set of reflections in W. Suppose 
(V, p) is a finite dimensional representation of Brw(n). Where IT = {ks,as}sgR. Then by 
using the KZ connection ( Definition 2.3), we have a fiat, W-invariant connection p(Ow) = 
KlIseR^sP(s] — p(es))tUs on Mw x V, which induces a representation Tp : Aw -^ GL(V). 
Suppose W is of rank n and has a canonical set of generators {si}i<i<n as in Theorem 2.2. 
Suppose the Artin group Aw has a canonical set of generators {crJi<i<TT^ as in Theorem 2.3. 

Theorem 5.2. For generic Y\ and k, the representation Tp factor through Bw(n, k). 

Proof. We want to show if set X^ = Tp(o-0 and Ei = -^ — (Tp(aO — qi)(Tp(aO + qi^^) for 1 < 

It It 

i < n, where qi = exp(Kks^7t\/^) and U = exp(Kcxi7t\/^)/qi, then {Xi, Ei}i<i<n satisfies 
the relations in Definition 4.1. If W is a dihedral group Dra, this is true by Proposition 4.3. 
The cases for general W can be reduced to the cases for dihedral groups by using Theorem 
2.4 as follows. Recall the notations " A, H^" above Theorem 2.2, and the notations "11, 
TTtj " before Definition 4.1. For 1 < i < j < n, first we suppose mij is odd. Denote 
L = Hs^ n Hsj, define Rl, Wl, Awl and Mwl as in section 2 (above Theorem 2.4). We can 
identify Awl with the Artin group Ao^. . in suitable way, so the morphism Al from Aw^ 
to Aw maps a^^ a-[ to a^, ctj respectively. 

In this case we have a natural isomorphism 4)ij from Wq,^. . to Wl extending the map 
So 1-^ si, si 1-^ Sj, and we can identify Mwo,^. with Mwl ( actually Mwl — '^Wd,,^. ^ 
C"^^^, but it will not make any difference. ) The morphism 4)i j can be extended to a 
morphism from Btq^. . (Hy ) to Brw(n) by sending eo, ei G Btq,^. . [^i,]) to e^, ej e Brw(n) 
respectively. And we know the morphism At maps Awl isomorphically to the parabohc 
subgroup of Aw generated by a^, aj . Through ^^ we have a representation p o c}),^ j : 
BTD„,^j(nt,j) -^ gUV). As in section 2, set O' = K^j.gRjksp(s) - p(es))tUs. It isn't 
hard to see O coincide with the connection D.^^^^^ on Mwl- So by Proposition 4.3, if 
we set Xq = Tl(cto) and X] = T]_(ai), then Xo,Xi satisfy the relations in Definition 3.4 
for ra = rai j and suitable data TT. ( since by (3) of Definition 3.4, Et can be presented 
by Xi for generic data, all those relations can be seen as relations between Xo,Xi. ) By 
Theorem 2.4, there is a element A G GL(V), so To AlIpi) = ATl(pi)A^^ for I = 0, 1. Since 
TpoAL(po) =Tp(ai),TpoAL(pi) =T(aj), we have that X^ = Tp(ai) and E; = Y „ (Tp(gO- 

qi)(Tp(cri) + qf M [^ = i-)j) satisfy the relation (5) of Definition 4.1. 

Similarly we can prove if mg is even, then Xi,Xj,Ei, Ej satisfy relation (5), (6) of Defi- 
nition 4.1, and we can prove Xi, Ei satisfy relation (3), (4), by using Theorem 2.4. 

D 
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